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Chapter 1. INTRODUCTION 
1.1. Background 
New eras of planetary exploration require a means for faster, better, and cheaper 
space travel. Advances in technology allow for a reduction in mission cost. This cost 
reduction comes in many forms; for example, travel time reduction, reduction in the initial 
velocity requirement, gain or loss in energy, and reduction in propulsion requirements 
[3, 10,20]. 
For inter-planetary trajectory design, a planet's gravitational force on a spacecraft 
can be used to provide course alterations to the spacecraft's trajectory. The course 
alterations are often expressed as delta-V maneuvers. By changing the velocity; i.e., delta-
V, either in direction or magnitude, the spacecraft's trajectory can be controlled. These 
delta-V maneuvers come at no expense in terms of fuel required. Two such methods 
available for reducing propulsion system requirements are the gravity assist and aero-
gravity assist maneuvers. Modifications to the spacecraft's trajectory parameters are 
accomplished through external force perturbations induced by the planetary gravity field 
and atmosphere effects. Figure 1.1.1 depicts a gravity assist and aero-gravity assist 
maneuver. In the figure, 81 is the trajectory turn angle resulting from a gravity assist 
maneuver and 82 is the trajectory turn angle resulting from an aero-gravity assist 
maneuver. 
1 
The first method is the gravity assist maneuver. A gravity assist maneuver can be 
used to implement a controlled change in a spacecraft's orbital trajectory characteristics. A 
typical gravity assist uses the planetary gravitational field to perform a turn by rotating the 
velocity vector of the spacecraft (81 of Figure 1.1.1 ), thus changing the direction and 
r:nagnitude of the spacecraft's heliocentric velocity vector. The parameters of the post 
flyby trajectory depend only on the parameters of the pre flyby trajectory and the 
gravitational field of the planet. Thus, it is possible to vary the post flyby trajectory by 
varying the initial, or pre flyby, trajectory parameters such as arrival angle and velocity. 
However, there are limitations to the maximum turn angle, 8, which can be realized; hence, 
gravity assist maneuver cannot be used to accomplish large turn angle changes [ 16, 18,20] . 
PLANET 
DEPARTURE 
Voo2 = Voo1 • llVoo 
Figure 1.1.1: Gravity and aero-gravity assist maneuvers 
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The limitation in the tum angle from a gravity assist maneuver can be overcome by 
using the aero-gravity assist maneuver, whereby a spacecraft flies through the upper 
atmosphere and both the gravitational and aerodynamic forces are used to bend the flight 
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path through larger tum angles. Figure 1. 1.1 shows the tum angle 82 and the tum angle 81, 
but to determine the gain that the aero-gravity assist maneuver has over the gravity assist 
equation ( 1. 1.1) is applied 
(1.1.1) 
The aero-gravity assist uses the same concept presented in the gravity assist but in addition 
uses the atmosphere tum angle, 't, to tum the planet reference velocity vector in the desired 
direction [17, 18,20]. In addition to the pre aero-gravity assist trajectory parameters, the 
trajectory parameters associated with the post aero-gravity assist maneuver depend on the 
length of the atmospheric flight segment. The tum angle and velocity loss due to the 
atmospheric flight both impact the new trajectory. 
In summary, the aero-gravity assist maneuver allows for larger tum angles and 
velocity changes than the gravity assist maneuver. Mission opportunities are introduced 
that do not exist with typical gravity assist trajectories and current capabilities. The aero-
gravity assist technique appears to offer a beneficial high-energy mission with the minimal 
propellant utilization for trajectory alteration. 
1.2. Literature Review 
There are many issues associated with the aero-gravity assist maneuver such as 
high structural loads, high surface temperatures, aerodynamic stability, and control of 
attitude during the atmospheric pass [ 10]. Examples of recent studies addressing these 
issues are found in the following works. 
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The aerodynamic stability problem has been addressed by Mcinnes [ 14], who 
evaluated the stability of the aero-gravity assist trajectory at entry. The study used the two-
body orbital equations of motion, a spherical symmetric planet, a uniform gravitational 
field, and an exponential density model. A single expression for the satellite's vertical 
acceleration was obtained and subsequently used to demonstrate that the aero-gravity assist 
trajectory is dynamically unstable with respect to altitude. 
Mcinnes [ 13 ], addressed the stability of the entry and exit condition by using a 
method called "matched asymptotic expansion." This study also used the two-body orbital 
equations of motion, a spherical symmetric planet, a uniform gravitational field, and an 
exponential density model. In this study it was shown that the aero assisted trajectory may 
be used to reduce the requirement on orbital injection impulse, which can greatly increase 
payload. 
Burt [ 4] evaluated the dynamics of a low thrust maneuver. In this study the 
Lagrange planetary equations were applied to examine the influence of a uniform 
gravitational field and a small perturbing acceleration produced by a thrust. The study 
showed that through the use of small thrust forces independent changes in the orbital 
elements of the spacecraft can be realized, thus allowing the spacecraft to proceed slowly 
to any prescribed orbit. 
Lewis [9] studied the wave-rider concept for aero-gravity assist maneuvers where a 
change in velocity direction with minimal loss of energy is desired. Modification of the 
flight path direction was determined from the final turn angle deflection in which the 
trajectory changes. The turn angle deflection was derived from the dynamic equation for 
drag. It was shown that a wave-rider configuration could be used to successfully 
accomplish an aero-gravity assist maneuver. 
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A study of planar skip trajectory presented by Mease and McCreary [11] applied an 
aero-assist transfer concept. The study examined the closed form solution of the two-body 
equations of motion. To accomplish this, a non-rotating central body with a uniform 
gravitational field and an exponential density model was implemented. It was shown that 
this approach is applicable for approximating skip trajectories. 
Sims et al. [ 18] explored the effects of aerodynamic drag on the use of aero-gravity 
assist trajectories for missions to the outer planets. The analysis used a hyperbolic 
trajectory and applied the constraint of a uniform gravitational field about a non-rotating 
planet. Applying Newton's second law in the tangential direction, i.e., the drag force 
direction, the drag affect was analyzed. This study did not use a density model but used 
lift-to-drag ratio as a constant. It was shown that drag increases the minimal launch energy 
requirement; however this increase in energy was deemed small compared to the overall 
benefits of the use of the aero-gravity assist maneuver. 
McRonald and Randolph [15] addressed interplanetary missions requiring high-
energy trajectories. In the study, an approximate equation was developed such that the 
aerodynamic, centrifugal, and gravity forces are balanced. This equation allowed for the 
vehicle velocity to be expressed almost independent of the density. With the balanced 
equation an expression for velocity loss due to drag was formed. It was found that by 
using two aero-gravity assist maneuvers; advantages in terms of the requirements on Earth 
launch velocity could be realized. 
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Randolph and McRonald [ 16] discuss a trajectory analysis and parametric study 
that considers launch opportunities for missions to various planets using aero-gravity assist 
maneuvers at one and two planets. The study used the same approach as in Reference [15]. 
It was shown that the aero-gravity assist trajectories had significant performance 
improvements over typical gravity assist or direct trajectories. 
In the studies presented, various methods were taken to examine the aero-gravity 
assist maneuver. Common to these methods was the use of hyperbolic trajectories, two-
body astrodynamic equations of motion, and an exponential density expression. 
Additionally, there were several constraints employed such as non-rotating planetary body, 
uniform gravity field, and constant vehicle lift-to-drag ratio. 
The methods to investigate aero-gravity assist maneuvers discussed above have not 
accounted for a rotating planetary body, non-uniform gravity due to the irregular shape of 
the planet, and a density model which incorporates environmental changes. 
Figure 1.2.1 indicates why one may choose to model these effects. The non-
uniform gravitational potential takes into account the irregular shape of the planet. 
Additionally, environmental effects such as non-uniform heating by the Sun will alter the 
density at a specified altitude. 
7 
Plate tectonics 
Figure 1.2.1: Illustration of the forces that perturb rotation [l] 
1.3. Problem Statement 
The purpose of this study is to examine the effects of a non-uniform gravitational 
field, induced by the oblate shape of the planet, on the post aero-gravity assist maneuver 
trajectories. This study will also include an examination of the effect of density variations 
resulting from uneven heating from the Sun. Overall, this work represents a baseline for 
determining the fidelity of the gravitational and density models required, in the two-body 
equations of motion, to meet interplanetary mission design requirements. 
1.4. Method of Analysis 
The aero-gravity assist maneuver will be applied to Earth, however the equations are 
derived in a general form so they can be applied to other planets. For this study the 
following constraints will be applied: the spacecraft is modeled as a point mass, a non-
rotating planetary body, constant spacecraft lift-to-drag ratio, and constant circular arc 
flight for the atmosphere section portion of the trajectory 
First, the equations of motion are developed for the simulation. Then, the 
environment models are developed and implemented in the simulation. The environment 
consists of the gravity and density models. First, the gravitational potential equation is 
expressed in the form of a non-uniform and uniform model, which will be incorporated in 
the equations of motion. Finally, a density model is obtained in the form of an exponential 
decay with altitude and temperature variation in the longitudinal direction. 
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Chapter 2. MATERIALS AND METHODS 
In this chapter the equations needed to analyze the aero-gravity assist maneuver 
will be presented. The gravity and density models will also be presented. 
2.1. Patched Conic Method 
The first concept to be introduced is the sphere of influence. The sphere of 
influence is an imaginary spherical surface about a gravitational body (see Figure 2.1 .1 ). 
When inside the sphere of influence, the spacecraft is primarily under the influence of the 
planet's gravitational field and when outside the sphere of influence, the spacecraft is 
primarily under the influence of the sun's gravitational field. 
The full derivation of the location of the boundary of the sphere of influence can be 
found in Battin [2]. For this study, the radial distance from the planet to the sphere of 
influence, rs , is defined by 
(2.1.1) 
Here d is the distance between the planet of interest and the sun, mplanet is the mass of the 
planet, and msun is the mass of the sun. The sphere of influence, rs , is the distance 
measured from the center of the planet. Table 2.1.1 lists the spheres of influence for 
various planets [2]. 
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Table 2.1.1 : Sphere of influence 
Planet Mass ratio Radius of sphere Distance from Sun Planet's 
planet/sun of influence, km to planet, km: d Velocity, km/s 
Mercury l.7*10- 113455.65 57909083 47.8725 
Venus 2.45*10-6 616361.9 108208601 35.0214 
Earth 2.999*10-6 923738.2 149598023 29.7859 
Mars 3.2*10-7 574520.1 227939168 24.1309 
Jupiter 9.54786* 10-4 48177614.1 778298361 13.0697 
Saturn 2.85584*10-4 54505381.7 1429394133 9.6724 
Uranus 4.3727* 10-5 51742213.6 2875038615 6.83524 
Neptune 5.1776* 10-5 86747707.2 4504449769 4.7490 
The patched conic method is used with the sphere of influence to define the 
boundary of two conic trajectories. A conic is a section of the trajectory. Referring to 
Figure 2.1.1, conic 1 is the portion of the trajectory outside the sphere of influence and 
conic 2 is the portion of the trajectory inside the sphere of influence. The two conic 
trajectories are "patched" together at the boundary of the sphere of influence. The 




For Equation (2.1.2), Rs~-is the position vector of the spacecraft with respect to the sun, 
Rpianet is the position vector of the planet with respect to the sun, and f is the position 
vector of the spacecraft with respect to the planet. For Equation (2.1.3), Vsun is the 
spacecraft's velocity vector with respect to the sun, vplanet is the velocity vector of the 
planet with respect to the sun, and V is the spacecraft's velocity with respect to the planet. 















Figure 2.1.1: Sphere of influence 
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Since the present study is focused on an Earth assist, the patched conic method 
places the vehicle under the influence of Earth's gravity. The associated coordinate 
systems are defined in the following section. 
2.2. Coordinate Systems 
The motion and position of the spacecraft are described with respect to a particular 
reference frame or coordinate system. For the astrodynamic analysis, the origin of a 
coordinate system is usually chosen to be at the center of the planet under study [ 5, 19 ,20]. 
For aerodynamic analysis, the coordinate system is generally located at the spacecraft's 
center of mass. This study uses the following coordinate systems described in Table 2.2.1 . 








The origin of the coordinate system is at the center of the planet 
Reference plane at any point is always tangent to the sphere 
centered on the origin of the system and passing through the point in 
question 
Centered on the vehicle; indicates the vehicle orientation to the 
Local-Horizontal coordinate system 
Centered on the planet; locates position of the vehicle within the 
sphere of influence 
Centered on the sun; locates position of the planets within the solar 
s stem 
The most common coordinates are rectangular, spherical, and planar polar. The 
position of the spacecraft for this study is specified in the Geocentric Inertial coordinate 
system, and will use the spherical coordinates (see Figure 2.2.1) radius (r), latitude phi ( ~) 
and longitude lambda (A) [ 5]. 
• Radius (r): Distance from the center (origin) to the spacecraft. 
• Latitude (<l>): Angle above the equatorial plane is 0 thru 90 degrees or 
below the equatorial plane is 0 thru -90 degrees (-90 90). 
• Longitude (A): Angular distance around the equator between the 
Meridian passing through a particular point and an arbitrary reference 
Meridian. The zero degree location is the median of Greenwich. 
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The intersection of the reference meridian and the equator in any system is called the 
reference point and has coordinates (r, 0 °, 0 °) [19]. Figure 2.2.1 shows the Z-axes as the 





Meridian __. -r -
I 
X 
Figure 2.2.1: Spherical coordinates [5] 
Polar Axis 
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The Local-Horizontal coordinate system (see Figure 2.2.2) is defined by the 
" " " orthogonal unit vectors i0 i"" and iqi [19]. 
• ir : Pointing in the direction of increasing radius. 
" " " 
• i"" : Perpendicular to ir and iqi axis, in the direction of increasing longitude. 




" X, i 
Figure 2.2.2: Local-Horizontal coordinate system 
Euler angles are used to describe the Vehicle coordinate system relative to the 
Local-Horizontal coordinate system. Euler angles describe the orientation of the 
spacecraft's non-inertial reference frame with respect to the Local-Horizontal coordinate 
system [ 5, 6]. The Euler angles are the roll, pitch, and yaw angles illustrated in Figure 
2.2.3. 
• Yaw axis: Directed along the radial vector. 
• Pitch axis: Perpendicular to the Yaw and Roll axis. 
• Roll axis: Directed along the velocity vector 
Pitch 
Figure 2.2.3: Vehicle coordinate system 
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The coordinate transformation from the Local-Horizontal coordinate system to the 
Vehicle coordinate system is discussed in the following. Initially, the Vehicle coordinate 
system is aligned with the Local-Horizontal coordinate system. The first rotation is 






















The next rotation is the through the flight path angle (y); see Figure 2.2.5 
[ ;:i = A, rn: i 
[cosy -smy 



















--Assuming a-110-1"0-ll -condition,--the transformation from the Local-Horizontal coordinate -
system to the Vehicle coordinate system is given by the composition of the rotations as: 
[xl [xl Y =ArA'l' Y 
Z Vehicle Z Local-Horizontal 
(2.2.5) 
The transformation from the Vehicle coordinate system to the Local-Horizontal coordinate 
system is obtained by taking the inverse of Equation (2.2.5). Noting that the inverse of an 
orthogonal matrix is simply the transpose 
y =ATAT y [xl [xl 
Z Local- Ho,irontal 'I' y Z Vehicle 
(2.2.6) 
The transformation from the Local-Horizontal coordinate system to the Geocentric Inertial 
coordinate system is 
[ cos~ 0 l A<!>= 0 1 
- sin q> 0 cosq> 
(2.2.7) 
[ cosA sin A 
:] A,= -s~nA COSA 0 (2.2.8) 
[xl [xl Y = A~A; Y z . . z . 
Geocentnc - Inertial Local - Honzontal 
(2.2.9) 
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2.3. Equations of Motion 
Newton's laws provide the relation between forces and the motion of bodies. They 
are used here to derive the equations of motion, formulated in the same inertial coordinate 
system where position, velocity, and acceleration of a vehicle are defined [ 6]. \ 
Using the transformation from Vehicle coordinate system to the Local-Horizontal 
coordinate system, the velocity components of the spacecraft in the Local-Horizontal 
coordinates system are given by 
Vr = Vsin y 
VA= V cosy cos \j/ 
V~ = V cosy sin \j/ 




The position of the spacecraft referenced to the Geocentric Inertial coordinate 
system can be expressed as [ 6]: 
f ( t) = x ( t) i + y ( t)} + z( t) k (2.3 .4) 
The rate of change of this position vector is the spacecraft velocity. Hence, the velocity is 
given by [6] 
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(2.3.5) 
The rate of change of the velocity vector is the acceleration [ 6] 
(2.3.6) 
From Figure 2.2.2, the angular rotational rate of the Local-Horizontal coordinate 
system expressed in Local-Horizontal coordinates is 
[ 'CiJ Local-Horitzonal ] = - <I> ( 2.3 .7) 
'A,cos<f> 
The velocity of the spacecraft expressed in the Local-Horizontal coordinate system is given 
by: 




VLocal-Horiz.ontal = A, r cos <t> ( 2.3.9) 
Local- Horizontal 
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Equating equations (2.3.1) thru (2.3.3) and (2.3.9), the time rate of change of the variables 
r, A, and q> are given as follows 
The kinematic equations become 
. 
r = Vsin y 
= V cosy cos w 
rcoscp 






Next, the development of the dynamic equations of motion is presented. The 
angular rotational rate of the Vehicle coordinate system relative to the Local-Horizontal 
coordinate system expressed in Vehicle coordinates is 






The angular rotational rate of the Local-Horizontal coordinate system expressed in Vehicle 
coordinates is 
[ mLocal-Horizontal ]body = AYA\j/ [ mLocal-Horizontal] (2.3.15) 
Combining Equations (2.3.14) and (2.3.15) yields a single expression for the angular 
rotational rate of the Vehicle coordinate system with respect to the Geocentric Inertial 
frame as 
[ 'OJ ]body = [ 'UJLocal-Horizontal ]body + [ 'UJbody ]Local-Horizontal (2.3.16) 
Therefore, the angular rotational rate of the Vehicle coordinate system [m] in terms of 
body 
the Vehicle coordinates is 
. . . 
cosy A sin <I>+ sin ycos w<l>-sin ysin w Acos<I> + wcosy . 
[m] - sin y A sin <I>- cosy cos ,1, "-+cosy sin ,1, A cos"'+ w sin y body - 't' 'P 't' 'P 't' (2.3.17) 
sin w<I>+ cos w ACOSq>-y 
The acceleration of the spacecraft is derived in the following fashion 
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dV [ ] -a=- +mbodyxV 
dt Body 
(2.3.18) 
a= V (2.3 .19) 
v( cosy isin q> +sin ycos w~-sin ysin wicos(j> +~cosy) 
Substituting Equations (2 .3 .12) and (2 .3 .13) into Equation (2.3 .19) yields the final form of 







V cosy\JJ+-tan<f>cos \jf Cos2 y 
r 
The dynamic equations of motion are given by 





Figure 2.3.1 : Forces on the vehicle 





• -V cosy cos \V .+. G \jl \V =-----tan'l'+---
r V cosy 
• L Vcosy Gr y=-+---+-








and the gravity vector in the Local-Horizontal coordinate system is G = G}r + G"-i"- + G4}<1>. 
The aerodynamic forces, lift and drag, are defined as 
(2.3.26) 
(2.3.27) 
S is the reference area of the spacecraft, p is the density, CL is the lift coefficient, and CD 
is the drag coefficient. 
Next, the Geocentric Inertial position of the spacecraft is derived. The 
transformation of the position vector from the Local-Horizontal coordinate system to the 
Geocentric Inertial coordinate system (refer to Equation 2.2.9) yields the Geocentric 
Inertial position 
x = rcosq>cosA 




z = rsin <f>-_ 
The final form of the equations of motion, and position components are: 
. 
r= Vsin y 
= V cosy sin 'V 
rcosq> 
= V cosy sin 'V 
r 
• -D 
V--+G - V m 
0 
- V cos y cos 'V "' G"' \V = -----tan 'V +---'---
r Vcosy 
• L Vcosy Gr y=-+--+-
mV r V 
x = rcos<f>cosA 
y = rcos<f>sin A 














The gravity environment is the gravitational force caused by the planet shape. The 
gravitational force can be expressed either as a uniform gravitational field, whereby the 
planet is defined to be spherically symmetrical (see Figure 2.4.1 A) or as a non-uniform 
gravitational field, whereby the planet is defined to be oblate (see Figure 2.4.1 B), 
described as an equatorial bulge or flattening at the poles [8]. 
Z (Axis of rotation) Z (Axis of rotation) 
y 
A: Symmetrically Spherical B: Oblate 
Figure 2.4.1: Planet's shapes 
The equation for the gravitational potential for an oblate spheroid is [7, 17, 19-21] 
(2.4.1) 
µ is the gravitational constant for the planet, R is the planet's equatorial radius, r is the 
distance from the center of the planet, cp is latitude, and Ji is the correction term for the 
oblate shape. To obtain the gravitational potential for a spherical symmetric planet, J 2 is 





The gravitational field is expressed in terms of the gradient vector of the 
gravitational potential in the Local-Horizontal coordinate system [17] 
G = -VU(r,cp, A) 
- 8U:' 18U:' 1 8U:' 
G=--Ir---14> -- h 
8r r at> r cos cp 81i., 
The gradient vector of the gravitational potential yields the following, 
[ G Local-Horizontal] = 
µ 3µR 2J2 9µR 2J2 sin2 <I> ------=-+--_.;;;.... __ 
r2 2r4 2r4 
0 





The gradient vector expressed in the Vehicle coordinate system is obtained from the 
following coordinate transformation, 
29 
(2.4.6) 
After performing the transformation, the gravity vector expression in Vehicle coordinates 
lS 
% cosy ( 3 sin 2 -1) + 3 sin ~cos~ sin 'V sin y 
[ GLocal-Horiz.onaI ]body= - ;z [~;] + J, ( J ¾sin y(3sin' <l>-1 }-3sin ,i,cos,i,sin 'lfCOsy (2.4. ?) 
-3sin~ cos~ cos 'V 
By setting 12 = 0, the uniform gravitational field vector is expressed as 
[ G Local - Horizonal kody = 
µ 
--cosy r2 
µ. --smy r2 
0 
(2.4.8) 
The planet's atmosphere is assumed to be a perfect gas and that the vertical 
temperature profile at the trajectory altitude is constant. Under these assumptions, the 
density model is given as 
30 
(2.4.9) 
where p0 is the density at a reference altitude specified by y O • The scale height factor, h, 
varies with temperature as 
h = RuT(A) 
Mg 
(2.4.10) 
where M is the molecular mass of the gas composition of the atmosphere, Ru is the 
universal gas constant, g is the gravitational acceleration at the specified altitude, and T(A) 
is the temperature function describing the temperature variation in the longitudinal 
direction. 
As the vehicle travels in the longitudinal direction, the temperature changes 
because of the Solar heating and cooling of the atmosphere. When using the density model 
of Equations (2.4.9) and (2.4.10), the effect of this temperature change can be determined. 
The sun has a significant impact on the atmosphere of 200 km and above because 
of the heating and cooling affect [ 11]. Another variation in the upper atmosphere, which 
affects the temperature, is solar activity. Solar activity variations are shown in Figure 
2.4.2, which shows high and low solar activity, and day and night temperature differences. 
Note that at altitudes above 200km, the temperature is approximately constant consistent 
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Figure 2.4.2: Temperature for solar activity and time of day [7] 
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For simplicity, solar activity will be expressed as an average between maximum 
and minimum solar activity for day and night temperature values. Table 2.4.1 shows 
temperature values for the minimum and maximum sunspot activity and the average values 
to be used for day and night temperature values. 
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Time of day is incorporated into the temperature function through a time reference 
used to establish the maximum and minimum temperature locations. The longitudinal 
direction distinguishes between day and night. To set the day and night positions the 
maximum temperature for day will be 0 degrees longitude and the minimum temperature 
for night will be 180 degrees longitude. The solar activity is present as an average of the 
maximum and minimum solar activity. With the relationship between time of day and 
longitudinal position established, the temperature function is given as 
(2.4.11) 
with Tmax = 990 K, Tmin = 760 K, and A is in units of degrees. Figure 2.4.3 shows the 
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Figure 2.4.3 : Temperature function 
For comparison, a density model in which the temperature is assumed constant is 
obtained by simply replacing T(A) in Equation (2.4.10) with a constant value; e.g., T 
(2.4.12) 
For this study, T = 859.3 K will be used for altitudes above 200 km. 
Figure 2.4.4 is a two-dimensional view showing an object above an oblate shaped 
planet. The altitude above the spheroid is measured geodetically, "A geodetic altitude is 
measured along a line passing through the object and is perpendicular to the planet 
surface" [5]. Using Figure 2.4.4, the geodetic altitude is calculated as [5] 
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(2.4.13) 
where r is the distance from the center of the Earth to a point in the atmosphere, R is the 
equatorial radius of the planet, <pis the latitude, and f is the flattening factor. The 




where b is the equatorial radius and c is the polar radius. The flattening factor for Earth 
is one part in 298.25; i.e./= 1/298.25 0.003353 [8]. The geodetic altitude will be used in 
the density model of Equation (2.4.9); i.e. y = ya. Finally, the various environment models 





Figure 2.4.4: Two-dimensional view [5] 
Table 2.4.2: Environment models 
Environment Gravi Ex ression 
1 Equation (2.4.8) 
(spherical Earth) 
2 Equation (2.4.8) 
(spherical Earth) 
3 Equation (2.4.7) 
( oblate Earth) 






Equations (2.4.9) and (2.4.12) 
(T is constant) 
Equations (2.4.9) and (2.4.10) 
(T varies with longitude) 
Equations (2.4.9), (2.4.12), and (2.4.13) 
(T is constant) 
Equations (2.4.9), (2.4.10), and (2.4.13) 
T varies with Ion itude 
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2.5. Control Law 
For the atmospheric portion of the spacecraft's trajectory, a simple control law will 
be used to maintain a circular arc trajectory. To fly a circular arc, the flight path angle 
must be held constant at y = 0. The flight path equation is 
• L Vcosy Gr 
y=-+ +-
mV r V 
Setting Equation (2.3.26) to zero and y = 0 yields 
L V Gr 0=-+-+-
mV r V 




Equating Equations (2.3.29) and (2.5.2) the lift coefficient is obtained as 
1 2 y2 






Equation (2.5.4) allows the spacecraft's lift coefficient to be specified along the 
trajectory; hence, Equation (2.5.4) is the control law. Since the lift-to-drag ratio, 
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( CL /CD), is specified and assumed constant the drag coefficient can be evaluated as 
follows 
(2.5.5) 
2.6. Classical Orbital Elements 
In section 2.3, the equations of motion for the two-body problem and the position 
and velocity components were derived. With these equations the trajectory can be 
expressed by using the classical orbital elements. 
The classical orbital elements describe the size, shape, and orientation of an orbit. 
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Figure 2.6.1: Definition ofKeplerian orbital elements [19] 
Defined) 
Periapsis 
Figure 2.6.1: (Continued) [19] 
Semi-maior axis (a): describes the size of the orbit: length of the chord passing 




Figure 2.6.2: Geometry of hyperbola [21] 
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Eccentricity (e): describes the shape of the orbit (see Table 2.6.1). 




e= l Parabola 
e>l Hyperbola 
Inclination (i): the angle between the angular momentum vector and the unit vector 
in the Z-direction. 
Right ascension of the ascending node (il): the angle from the vernal equinox to the 
ascending node. The ascending node is the point where the satellite passes through the 
equatorial plane moving from south to north. Right ascension is measured as a right-
handed rotation about the pole, Z. 
Argument ofperigee ( ro): the angle from the ascending node to the eccentricity 
vector measured in the direction of the satellite's motion. The eccentricity vector points 
from the center of the Earth to perigee with a magnitude equal to the eccentricity of the 
orbit. Perigee is the point nearest of the trajectory to the planet. 
True anomaly ( u) : the angle from the eccentricity vector to the satellite position 
vector measured in the direction of the satellite' s motion. Alternately, we could use time 
. . smce pengee passage. 
With the position and velocity vectors known, the orbital elements can be 
determined using the following equations [5,20,21]. 
Semi-maior axis 




where µ is the gravitational parameter with the numerical value of 3 98600. 5 km3 per 
second squared for Earth. 
Eccentricity vector 
Angular momentum vector 
Node vector 
where K is lo 0 lj 
Inclination 




fi = K xhm 
• ( hmz J 1 = arccos liiml 
( n J n = arccos l I~ 
_ [(n•e)] 
ro - arccos (lnl • lel) 
_ [ (e• r) ] 








In summary, the equations presented in chapter two allow the simulation of the 
aero-gravity assist maneuver. The following chapter will discuss the particular simulation 
used for this study. 
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Chapter 3. SIMULATION 
The material contained in this section describes the simulation process for the aero-
gravity assist maneuver. First, the simulation set-up is discussed. Then, the simulation is 
validated to ensure that no coding errors exist. Finally, the cases to be simulated for the 
aero-gravity assist maneuver are described. 
3.1. Set-up 
The simulation of the aero-gravity assist maneuver is done using Simulink, a tool in 
the Mathworks' Matlab computational environment. The simulation of the aero-gravity 
assist maneuver is initiated in the atmosphere, and continues until the velocity reaches 
11.01 km/ s where at an altitude of 200 km the hyperbolic orbit becomes a parabolic orbit. 
The second portion of the trajectory simulation uses the two-body equations of motion and 
I 
continues out to the sphere of influence, defined by Equation (2.1.1 ). The simulations 
include environmental models from Table 2.4.2. 
The simulation is broken down into atmospheric and non-atmospheric trajectory 
sections ( see Figure 3 .1.1). In the atmospheric portion, an integration step size of one 
second is used and Simulink' s ode5 numerical integration method is used to solve the 
system of equations. 
For the non-atmospheric portion of the trajectory, a variable integration step size is 
used with a relative tolerance of 10-3 applied. A relative tolerance of 10-3 in the 
integration of the kinematic and dynamic equations minimizes numerical integration 
errors. As in the atmospheric portion of the trajectory, Simulink' s ode5 is used to solve 
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the system of equations. A variable step size is used in the non-atmospheric portion of the 
trajectory in order to reduce the amount of data output to a reasonable level. 
End of Simulation 
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A validation is required to ensure that no coding errors exist. Reference [ 17] 
provides an example using the non-uniform gravitational equation with the J2 oblate Earth 
correction term. The example is not an aero-gravity assist maneuver but a complete orbit. 
The gravitational potential function of the example in Reference [ 17] and of this study is 
the same, additionally a Geocentric Inertial coordinates systems is used for both studies. 
The example in Reference [ 17] specifies the following initial values for the orbital 
parameters. 
a= 12,000 km e = 0.3 
i = 20 degrees n = 3 0 degrees 
ro = 40 degrees v = 60 degrees 
After transformation, the Geocentric Inertial coordinates are [ 17]. 
X(0) = -10,121.0 km 
Y(0) = -308.219 km 
Z(0) = 2,281.8 km 
Vx(0) = -1.929 km/sec 
Vy(0) = -6.184 km/sec 
Vz(0) = -1.727 km/sec 
A validating simulation is developed using the following initial conditions for the 
following variables; radius (r), longitude (A), latitude (<I>), velocity (V), heading angle (\If), 
and flight path angle ( y). The initial conditions for longitude (1v ), latitude ( <f> ), and flight 
path angle (y) are set to zero. Since the latitude is zero degrees, the heading angle (\V) is 
set as the inclination angle of twenty degrees. The initial radius is computed from the 
initial Geocentric Inertial position coordinates as 
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(3.2.1) 
In a similar fashion, the initial velocity magnitude is given by 
(3 .2.2) 
Note that the validation study and the example of Reference [ 17] use different 
initial conditions. However, a validation is still possible as discussed in the following 
paragraph. 
For the orbital elements, e (eccentricity), i (inclination), Q (ascending node), and ro 
( argument of perigee), the time histories calculated from the present study simulation are 
presented in Figures 3.2.2, 3.2.4, 3.2.6 and 3.2.8. The difference between the time 
histories for the same orbital elements taken from Reference [17] (Figures 3.2.1, 3.2.3, 
3.3.5, and 3.2.7) and the results of the present simulation are due to differences only in the 
initial conditions. The trends of the results of the present simulation are similar to the 
trend of the published time histories in Reference [ 17]; thus, validating the Simulink 
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Figure 3.2.8: Time history of argument of perigee 
3.3. Cases 
The aero-gravity assist maneuver will be evaluated at different inclinations and 
different times of day. The inclinations to be used are 
i=O degrees 
i= 45 degrees , 
i= 80 degrees 
49 
An inclination of 80 degrees is used instead of a 90 degree polar inclination 
because the polar inclination causes a singularity in the kinematic equations as the satellite 
passes over the poles. 
The time of maximum day temperature is defined to be at zero degrees longitude 
and the time of minimum night temperature is defined to be at 180 degrees longitude. The 
transition points of day-to-night and night-to-day are defined to occur at 90 degrees 
longitude and at 270 degrees longitude respectively. Therefore, per Table 3.3.1, day is 
defined as 270 to 90 degrees and night is defined as 90 to 270 degrees. 
Table 3 .3 .1: Time of day longitudinal distance 
Time of Day Longitudinal Slots (deg) 
Day 270 to 90 
Day-to-Night Oto 180 
Night 90 to 270 
Night-to-Day 180 to 0 
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Several different cases will be simulated using the various environment models 
previously discussed. The initial conditions for each of the cases to be simulated are given 
in Table 3 .3 .2. 
Table 3 .3 .2: Initial conditions 
Case 1 Case 2 Case 3 Case 4 Case5 Case 6 
r 6571 km 6571 km 6571 km 6571 km 6571 km 6571 km 
A, 325 deg 55 deg 145 deg 235 deg 325 deg 55 deg 
0 deg 0 deg 0 deg 0 deg 0 deg 0 deg 
V 15.5769 km/s 15.5769 km/s 15.5769 km/s 15.5769 km/s 15.5769 km/s 15.5769 km/s 
\V 0 deg 0 deg 0 deg 0 deg 45 deg 45 deg 
y 0 deg 0 deg 0 deg 0 deg 0 deg 0 deg 
Table 3 .3 .2:(Continued) 
Case 7 Case 8 Case 9 Case JO Case 11 Case 12 
r 6571 km 6571 km 6571 km 6571 km 6571 km 6571 km 
A, 145 deg 235 deg 325 deg 55 deg 145 deg 235 deg 
0 deg 0 deg 0 deg 0 deg 0 deg 0 deg 
V 15.5769 km/s 15.5769 km/s 15.5769 km/s 15.5769 km/s 15.5769 km/s 15.5769 km/s 
\V 45 deg 45 deg 80 deg 80 deg 80 deg 80 deg 
y 0 deg 0 deg 0 deg O deg 0 deg 0 deg 
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After completing the atmospheric portion of the trajectory simulation, the end 
conditions from the atmospheric portion become the initial conditions for the non-
atmospheric portion of the trajectory simulation. The non-atmospheric portion of the 
simulation uses the uniform gravitational field model in the dynamic equations of motion. 
Additionally, for the non-atmospheric portion of the trajectory, the vehicle is no longer in a 
circular arc trajectory; hence, the flight path angle is impulsively changed to satisfy the 
orbital conditions for a hyperbolic trajectory (Table 3 .3 .3). For a hyperbolic orbit, y = 5 
degrees is used for all cases. 
Table 3.3.3 : Flight path angle conditions 
Orbit Flight Path Angle 
Elliptical < 0 
Circular = 0 
Hyperbolic > 0 
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CHAPTER 4. RESULTS AND DISCUSSION 
A comparative study was undertaken to determine the effects of an oblate Earth and 
longitudinal temperature variation on aero-gravity assist trajectories using the test cases 
defined in Table 3 .3 .2. In particular, the trajectory parameters considered were the 
eccentricity, inclination, and distance error for the position components. Environment 1 
(refer to Table 2.4.2) is defined as the base-line environment model, thus all comparisons 
are made relative to this base-line environment. 
The numerical solutions are analyzed by determining the difference of eccentricity 
and inclination resulting from the use of different environment models. The difference in a 
particular trajectory parameter, ilk, is calculated as follows 
Ll = k( . )-k . ) k enV1Tonment 2, 3, or 4 ( enVlfonment 1 (4.1.1) 
with k being eccentricity or inclination. The differences in these two trajectory parameters 
are calculated at two points along the trajectory. The first point is at the end of the 
atmospheric portion of the trajectory simulation and the second point is at the sphere of 
influence. 
The differences of the eccentricity and inclination at the end of the atmospheric 
portion of the trajectory are given in Tables 4.1.1 and the differences of the eccentricity 
and inclination at the sphere of influence are given in Table 4.1.2. 
53 
Table 4.1.1: Difference for end point of the atmosphere 
C2 C2 C3 C3 C4 C4 
ccentricity Inclination Eccentricity Inclination Eccentricity Inclination 
(deg) (deg) (deg) 
Day 
Case 1 0.000000 0.000000 -0.000521 0.000000 -0.000521 0.000000 
Case 5 0.000000 0.000000 0.000876 -0.189231 0.000876 -0.189231 
Case 9 0.000000 0.000000 0.000289 -0.065005 0.000289 -0.065005 
Day-to-Night 
Case 2 0.000000 0.000000 -0.000521 0.000000 -0.000521 0.000000 
Case 6 0.000000 0.000000 0.000876 -0.189231 0.000876 -0.189231 
Case 10 0.000000 0.000000 0.000289 -0.065005 0.000289 -0.065005 
Night 
Case 3 0.000000 0.000000 -0.000521 0.000000 -0.000521 0.000000 
Case 7 0.000000 0.000000 0.000876 -0.189231 0.000876 -0.189231 
Casel 1 0.000000 0.000000 0.000289 -0.065005 0.000289 -0.065005 
Night-to-Day 
Case4 0.000000 0.000000 -0.000521 0.000000 -0.000521 0.000000 
Case 8 0.000000 0.000000 0.000876 -0.189231 0.000876 -0.189231 
Case 12 0.000000 0.000000 0.000289 -0.065005 0.000289 -0.065005 
Note: C2 is environment 2 minus base-line, C3 is environment 3 minus base-line, and C4 is environment 4 
minus base-line. 
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Table 4.1.2: Difference for end point at the sphere of influence 
C2 C2 C3 C3 C4 C4 
Eccentricity Inclination Eccentricity Inclination Eccentricity Inclination 
(deg) (deg) (deg) 
Day 
Case 1 0.000000 0.000000 -0.000519 0.000000 -0.000519 0.000000 
Case 5 0.000000 0.000000 0.000873 -0.188942 0.000873 -0.188942 
Case 9 0.000000 0.000000 0.000288 -0.066750 0.000288 -0.066750 
Day-to-Night 
Case2 0.000000 0.000000 -0.000519 0.000000 -0.000519 0.000000 
Case 6 0.000000 0.000000 0.000873 -0.188942 0.000873 -0.188942 
Case 10 0.000000 0.000000 0.000288 -0.066750 0.000288 -0.066750 
Night 
Case 3 0.000000 0.000000 -0.000519 0.000000 -0.000519 0.000000 
Case 7 0.000000 0.000000 0.000873 -0.188942 0.000873 -0.188942 
Casel 1 0.000000 0.000000 0.000288 -0.066750 0.000288 -0.066750 
Night-to-Day 
Case 4 0.000000 0.000000 -0.000519 0.000000 -0.000519 0.000000 
Case 8 0.000000 0.000000 0.000873 -0.188942 0.000873 -0.188942 
Case 12 0.000000 0.000000 0.000288 -0.066750 0.000288 -0.066750 
Note: C2 is environment 2 minus base-line, C3 is environment 3 mirius base-line, and C4 is environment 4 
minus base-line. 
The distance error is calculated as follows, 
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The distance error uses the Geocentric Inertial position components, X, Y, and Z 
derived in chapter 2, section 3. The distance error is also calculated at two points on the 
trajectory; i.e. at the end of the atmospheric portion and at the sphere of influence. The 
distance error calculated at the end of the atmospheric portion of the trajectory is presented 
in Tables 4.1.3 and the distance error calculated at the sphere of influence is presented in 
Table 4.1.4. 
Table 4.1.3: Distance error for atmosphere end point 
C2 C3 C4 
Distance Error (km) Distance Error (km) Distance Error (km) 
Day 
Case 1 0.000000 0.490657 0.490657 
Case 5 0.000000 18.178937 18.178937 
Case 9 0.000000 13.528967 13.528964 
Day-to-Night 
Case 2 0.000000 0.490657 0.490657 
Case 6 0.000000 18.178937 18.178937 
Case 10 0.000000 13.528967 13.528964 
Night 
Case 3 0.000000 0.490657 0.490876 
Case 7 0.000000 18.178937 18.179022 
Casel 1 0.000000 13.528967 13.528989 
Night-to-Day 
Case4 0.000000 0.490657 0.490657 
Case 8 0.000000 18.178937 18.178937 
Case 12 0.000000 13.528967 13.528967 
Note: C2 is environment 2 minus base-line, C3 is environment 3 minus base-line, and C4 is 
environment 4 minus base-line. 
Table 4.1.4: Distance error for sphere of influence of Earth end point 
C2 C3 C4 
Distance Error (km) Distance Error (km) Distance Error (km) 
Day 
Case 1 0.000000 2623.395916 2623.395916 
Case 5 0.000000 6180.540613 6180.540613 
Case 9 0.000000 3561.536945 3561.536945 
Day-to-Night 
Case 2 0.000000 2623.304168 2623.304168 
Case 6 0.000000 6180.548376 6180.548376 
Case 10 0.000000 3561.530798 3561.530798 
Night 
Case 3 0.000000 2623.294667 2623.294667 
Case 7 0.000000 6180.669951 6180.669951 
Casel 1 0.000000 3561.544123 3561.544123 
Night-to-Day 
Case4 0.000000 2623.301049 2623.301049 
Case 8 0.000000 6180.544914 6180.544914 
Case 12 0.000000 3561.517474 3561.517474 
Note: C2 is environment 2 minus base-line, C3 is environment 3 minus base-line, and C4 is 
environment 4 minus base-line. 
The distance error presented in Tables 4.1.3 and 4.1.4 indicates a significant 
difference between the trajectories resulting from the use of a non-uniform gravitational 
model; i.e. an oblate Earth. Table 4.1 .4 shows that the distance error from gravitational 
perturbations is over half the length of the Earth's radius. 
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To see the effect of the perturbation over time, an extended simulation was 
performed. The simulation was a trajectory from the Earth sphere of influence to the Mars 
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sphere of influence, which covers an approximate distance of76,842,887 km. This was 
done to simulate use of an aero-gravity assist maneuver for an interplanetary mission. The 
extended simulation used cases 1, 5, and 9 as initial conditions. The distance error 
calculated at the Mars sphere of influence is presented in Table 4.1.5, and indicates that the 
planet would be missed all together, unless an interplanetary trajectory correction was 
applied. Doing this negates the benefit of using an aero-gravity assist maneuver to reduce 
fuel requirements. 








Note: Non-uniform gravity minus 
uniform gravity. 
The comparisons thus far; however, do not indicate a significant difference 
resulting from longitudinal temperature variation. To determine why there is little 
difference in the trajectory parameters, an evaluation of the system parameters is 
performed. 
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The differences in the density, required aerodynamic lift, and required lift 
coefficient from the control law are calculated at the end of the atmospheric portion of the 
trajectory and given in Tables 4.1.6, 4.1.7, and 4.1.8 respectively. 
Table 4.1.6: Difference in density at the end point of the atmosphere 
C2 C3 C4 C5 
Density (kg/km3) Density (kg/km3) Density (kg/km3) Density (kg/km3) 
Day 
Case 1 0.001644 0.000000 0.001644 0.001644 
Case 5 0.001632 0.000090 0.001711 0.001621 
Case 9 0.001604 0.000176 0.001756 0.001580 
Day-to-Night 
Case2 0.001973 0.000000 0.001973 0.001973 
Case 6 0.001948 0.000090 0.002042 0.001952 
Case 10 0.001792 0.000176 0.001961 0.001786 
Night 
Case 3 0.002022 0.000000 0.002022 0.002022 
Case 7 0.002041 0.000090 0.002140 0.002050 
Casel 1 0.002085 0.000176 0.002282 0.002107 
Night-to-Day 
Case 4 0.001678 0.000000 0.001678 0.001678 
Case 8 0.001696 0.000090 0.001779 0.001689 
Case 12 0.001835 0.000176 0.002009 0.001833 
Note: C2 is environment 2 minus base-line, C3 is environment 3 minus base-line, C4 is 
environment 4 minus base-line, and C5 is environment 4 minus environment 3. 
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Table 4.1.7: Difference in aerodynamic force lift 
C2 C3 C4 C5 
Lift (N) Lift (N) Lift (N) Lift (N) 
Day 
Case 1 0.000000 -0.770800 -0.770800 0.000000 
Case 5 0.000000 -0.243300 -0.243300 0.000000 
Case 9 0.000000 1.721100 1.721100 0.000000 
Day-to-Night 
Case 2 0.000000 -0.770800 -0.770800 0.000000 
Case 6 0.000000 -0.243300 -0.243300 0.000000 
Case 10 0.000000 1.721100 1.721100 0.000000 
Night 
Case 3 0.000000 -0.770800 -0.770800 0.000000 
Case 7 0.000000 -0.243300 -0.243300 0.000000 
Casel 1 0.000000 1.721100 1.721100 0.000000 
Night-to-Day 
Case4 0.000000 -0.770800 -0.770800 0.000000 
Case 8 0.000000 -0.243300 -0.243300 0.000000 
Case 12 0.000000 1.721100 1.721100 0.000000 
Note: C2 is environment 2 minus base-line, C3 is environment 3 minus base-line, C4 is 
environment 4 minus base-line, and C5 is environment 4 minus environment 3. 
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Table 4.1.8: Difference in lift coefficient from the control law 
C2 C3 C4 C5 
Lift coefficient Lift coefficient Lift coefficient Lift coefficient 
Day 
Case 1 -1473 .650000 -148. 020000 -1622.540000 -1474.520000 
Case 5 -1462.570000 2.010000 -1450.980000 -1452.990000 
Case 9 -1437.720000 65.440000 -1351.280000 -1416.720000 
Day-to-Night 
Case2 -1770.650000 -148. 020000 -1919.710000 -1771.690000 
Case 6 -1747.890000 2.010000 -1750.020000 -1752.030000 
Case 10 -1607 .260000 65.440000 -1536.540000 -1601. 980000 
Night 
Case 3 -1814.760000 -148.020000 -1963.870000 -1815.850000 
Case 7 -1831 .850000 2.010000 -1838.6800 -1840. 690000 
Casel 1 -1872.380000 65.440000 -1826.9800 -1892.420000 
Night-to-Day 
Case 4 -1504.080000 -148. 020000 -1653 .000000 -1504.980000 
Case 8 -1520.900000 2.010000 -1512.580000 -1514. 5 90000 
Case 12 -1646. 240000 65.440000 -1579.770000 -1645.210000 
Note: C2 is environment 2 minus base-line, C3 is environment 3 minus base-line, C4 is 
environment 4 minus base-line, and C5 is environment 4 minus environment 3. 
Table 4.1.6 indicates a difference between the density values resulting from 
longitudinal variation (C 1 and C4). Table 4.1. 7 indicates no change in the Lift required 
resulting from temperature variation (Cl and C4). This is due to the fact that Lift is a 
function only of spacecraft normal acceleration and gravitational forces . Table 4.1.8 
indicates that a difference is present in the required lift coefficient from the control law for 
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a circular arc trajectory. The differences shown in Table 4.1.8 are due to density variations 
resulting from the longitudinal temperature variation. In conclusion, the longitudinal 
temperature variation on the trajectory parameters is not significant simply because the 
total time that the spacecraft is in the plant's atmosphere is not long enough to see the 
transitional effect between day-to-night ( or night-to-day) temperatures. 
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CHAPTER 5. CONCLUSIONS 
A simple technique for the analysis of an aero-gravity assist maneuver has been 
used to study the effects of a non-uniform gravitational model and the variation in density 
resulting from longitudinal variation in atmospheric temperature. The technique applied 
the two-body orbital equations of motion in an Earth-fixed reference frame. For this study, 
the following constraints were applied: 
• spacecraft modeled as a point mass, 
• non-rotating planetary body, 
• constant spacecraft lift-to-drag ratio, 
• circular arc atmospheric trajectory. 
The study indicates significant trajectory changes occur between the use of the 
uniform and the non-uniform gravitational models. For example, the distance error at the 
Earth sphere of influence is over half the length of the radius of the Earth. 
The analysis also indicates that the temperature variation in the longitudinal 
direction resulting from Solar heating does not significantly affect the trajectory 
parameters. The reason for this is that the total atmospheric travel time is not long enough 
to see a significant transitional effect between day-to-night ( or night-to-day). 
In conclusion, this study has established a general method and baseline analysis 
data that may be used to aide in the determination of the fidelity of the gravitational and 
density models required to meet potential aero-gravity assist mission design requirements. 
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